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5.1 Introduction

This chapter discusses continuous probability distributions.
Specificallyy, the normal distribution—the most widely used
distribution in statistical work—is explored in depth. The normal,
or Gaussian or “bell-shaped”, distribution is the cornerstone of
most methods of estimation and hypothesis testing.

Many random variables, such as distribution of birthweights or blood
pressures in the general population, tend to approximately follow a normal
distribution. In addition, many random variables that are not themselves normal are
closely approximated by a normal distribution when summed many times.

Infectious Disease The number of neutrophils in a
sample of 2 white blood cells is not normally
distributed, but the number of neutrophils in a random
sample of 100 white blood cells is very close to being
normally distributed. Heomabncd e

In such cases, using the normal distribution is desirable because it is easy to use and
tables for the normal distribution are more widely available than are tables for many
other distributions. 5



5.2 General Concepts

We want to develop an analog for a continuous random variable to the concept of a
probability mass function (pmf), as was developed for a discrete random variable.
Thus, we would like to know which values are more probable than others and how
probable they are. If the random variable X is continuous, then the concept of a
probability mass function (pmf) cannot be used. Instead we will use the concept of a
probability density function (pdf), which can be defined as follows:

DEFINITION 5.1
The probability density function (pdf) of the continuous random variable, say X, is a

function f(x) such that the area under the density function curve between any two
points a and b is equal to the probability that the random variable X falls between a
and b.
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Thus, the total area under the density function
curve f(x) over the entire range of possible
values for the random variable is equal to 1,
that is:
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Notations

» The pdf has large values in regions of high probability and small values in regions
of low probability.

» For a continuous random variable X, the probability of exactly obtaining any value
is 0, that is, P(X = k) = 0, where k is any value (constant).

» Not all continuous random variables have symmetric bell-shaped distributions as
given in Example (1) and Example (2) below.

Figure 5.1  The pdf of DBP in 35- to 44-year-old men

Example (1)

Hypertension The distribution of diastolic blood-
pressure (DBP) measurements in 35 — to - 44 year » 0l
old men is a symmetric continuous random variable :

whose pdf appears in Figure 5.1. ) \L

DBP

0.03 -

FIGURE 5.2 The pdf for serum triglycerides

Example (2)

Cardiovascular Disease The distribution of
Serum triglyceride level is an asymmetric,
positively skewed, continuous random
variable whose pdf appears in Figure 5.2. l l l
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5.3 The Normal Distribution Karl Friedrich Gauss (1777—-1855)

The normal distribution is the most widely used
continuous distribution. It is also frequently called
the Gaussian distribution, after the well-known
mathematician Karl Friedrich Gauss. For example,
body weights and DBPs for a group of 35-to-44
year old men approximately follow a normal
distribution.

Many other distributions that are not themselves normal can be made
approximately normal by transforming the data onto a different scale. For example,
the distribution of serum-triglyceride concentrations from this same group of 35-to-
44 year old men is likely to be positively skewed. However, the log transformation of
these measurements usually follows a normal distribution.

Generally speaking, any random variable that can be expressed as a sum of many
other random variables can be well approximated by a normal distribution. For
example, many physiologic measures are determined in part by a combination of
several genetic and environmental risk factors and can often be well approximated
by a normal distribution. Thus, the normal distribution is vital to statistical work, and
most estimation procedures and hypothesis tests that we will study assume the
random variable being considered has an underlying normal distribution.



Notation
An important area of application of the normal distribution is as an approximating

distribution to other distributions. The normal distribution is generally more
convenient to work with than any other distribution, particularly in hypothesis
testing. Thus, if an accurate normal approximation to some other distribution can be

found, we often will want to use it.

DEFINITION 5.5  The normal distribution is defined by its pdf, which is given as

L B SRR RO
f(x}-ﬁnexp{ (x-p) } <x<
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for some parameters 1, 6, where ¢ > 0.

From the definition of the normal distribution it can be shown, using calculus
methods, that u and o2 are, respectively, the expected value (mean) and the

variance of this distribution (o = Vo2 > 0 is the standard deviation).

DEFINITION 5.6 A normal distribution with mean p and variance o* will generally be referred to
as an N(,0°) distribution.




Some Properties for the Normal Distribution

» The value of m = 3.14159 and the value of exponential functionis e = 2.71828.

> The parameters of distribution are p (population mean) and o?(population
variance) implies that X~N (1, 62). Note that the second parameter is always the
variance a2, not the standard deviation o.

» The density function follows a bell-shaped curve, with the mode (the most

frequently occurring value) at p. Also, Note that the area under any normal
density function must be 1 as shown below:

e 2 o dx=1

i Normal curve
Total Area under
Normal Curve = 1 /
e X

M

» The normal distribution curve is symmetric about p, with points of inflection
(a point of inflection is a point at which the slope of the curve changes direction)
on either side of p at - 0 and u + o, respectively, as shown below:




Inflection
point

Inflection
point

A

P78 TR T IR oS X

Example
In this example, the pdf for a normal distribution with pu = 50 and ¢ = 100, that is
X~N(50,100), is plotted in Figure 5.5 shown below:

FIGURE 5.5 The pdf for a normal distribution with mean p (50) and variance ¢?(100)
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» A property of the normal distribution is that the height = . Thus, the height

is inversely proportional to o.



» The entire shape of the normal distribution is determined by the two parameters
wand o as shown below in the two figures:

FIGURE 5.6 Comparison of two normal distributions with the same variance
and different means
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FIGURE 5.7 Comparison of two normal distributions with the same means
and different variances
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» The mean, median, and mode for the normal distribution are equal.



5.4 The Standard Normal Distribution

In this section, we will see that any information concerning a normal distribution,

N(w, o2), can be obtained from a special case, N(0, 1), called the standard normal
distribution.

DEFINITION 5.7 A normal distribution with mean 0 and variance 1 is called a standard, or unit,
normal distribution. This distribution is also called an N(0,1) distribution.

To become familiar with the standard normal distribution, N(O, 1), we will discuss
some of its properties as follows:

> First, the pdf in this case, mean p = 0 and variance 2 = 1 (or standard deviation
o =1), reduces to the following equation:

E( -1/2 ]I'tz

EQUATION 5.1 ﬂx]=..fﬂ , —<X<+oo

FIGURE 5.8 The pdf for a standard normal distribution

» The standard normal distribution is

symmetric about the mean (1 = 0),
because f(x) = f(—x), as shown 2 02
in Figure 5.8.
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» There are three relationships that can be used to express the area under the
standard normal density curve as follows:

EQUATION 5.2 It can be shown that about 68% of the area under the standard normal density
lies between +1 and -1, about 95% of the area lies between +2 and -2, and about
99% lies between +2.5 and -2.5.

These relationships can be expressed more precisely by saying that:
% P(-1<X<1)=0.6827 ~ 0.68 (68%).
** P(-1.96 < X< 1.96) = 0.95 (95%).
% P(-2.576 < X< 2.576) =0.99 (99%).

Figure 5.9 shows these relationships:

FIGURE 5.9 Empirical properties of the standard normal distribution
0.4 —
0.3 — /
= 0.2
0.1 —
0.0
=258 -1.96 =1.00 (8] 1.00 1.96 2.58

: | x | |
| |

| I~ 68% of area —i

|

|——— 9 5% of area

99% of area

PR p——

11



The tables of the area (probability) under the normal distribution curve, or so-called
normal tables, take advantage of the symmetry properties of the normal distribution
and generally are concerned with areas for positive values of x.

DEFINITION 5.8

The cumulative distribution function (CDF) for a standard normal distribution is
denoted by ®(x) = P(X < x) where X follows an N(0,1) distribution, that is, X~N(0,1).
This function is shown in Figure 5.10 as follows:

FIGURE 5.10 The cdf [P(x)] for a standard normal distribution

| PriX = x) =dix) =
area to the left of x

Filx)

Note that there is no closed-form algebraic expression for areas (probabilities) under
the normal distribution. Hence, numerical methods must be used to calculate these
areas (probabilities), which are generally displayed in the “normal tables” usually

called the standard normal distribution table.
12



Using Normal Distribution Tables

The normal distribution table or the standard normal distribution table is given in

TABLE 3 of the Appendix (Pages 874 — 877) as shown below:

874

APPENDIX

Tables

TABLE 3 The normal distribution

0.0

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
0.11
0.12
0.13
0.14
0.15

Aa

.5000
5040
.0080
5120
5160
5199
5239
5279
5319
0369
5398
0438
5478
0617
5557
5596

Bh

0000
4960
4920
4880
4840
4801
4761
4721
4681
4641
4602
4562
4522
4483
4443
4404

Gl:

.0

0040
.0080
0120
0160
0199
0239
0279
0319
03569
0398
0438
0478
0617
0557
.0596

.0

.0080
0160
0239
0319
0399
0478
.0558
.0638
0717
0797
0876
.0955
1034
1113
1192

0.32
0.33
0.34
0.35
0.36
0.37
0.38
0.39
0.40
0.41
0.42
0.43
0.44
0.45
0.46
0.47

6255
6293
6331
6368
6406
6443
6480
6517
6554
6591
6628
6664
6700
6736
6772
6808

3745
3707
3669
3632
3594
3557
3520
3483
3446
3409
3372
3336
3300
3264
3228
3192

1265
1293
1331
1368
1406
1443
1480
1517
1554
1591
1628
1664
1700
1736
1772
1808

2510
2586
2661
2737
2812
2886
2961
3035
3108
3182
3255
3328
3401
3473
3545
3616

13



f(x) = L ez

V2n

Bix)=1-dx)=Pr(X >x)

Clx)=Pr(0<X<x) Dix)=Pr(-x £ X <x)

1 2
-2 pl-l/2m
fx) yir

(c) (d)

Let X is a standard normal distribution, thatis, X~N(0,1), then:
a A(x) =P(x) = P(X < x).

b B(x)=1-®P(x) = P(X> x).

c C(x)= P(0 < X = x).

d D(x)= P(—-x < X < x).




Notations

» The area to the left of 0 is 0.5 under the standard normal distribution curve.

» The area to the left of x approaches 0 as x becomes small and approaches 1 as x
becomes large.

» The left-hand tail of the standard normal distribution is A(x) = P(X < x) and
the right-hand tail of the standard normal distributionis B(x) = P(X > x).

» Ax) + B(x) =PX <x)+P(X >x)=1.

A OV IAREREES [f X ~ N(0,1), then find Pr(X £1.96) and Pr(X < 1).

Solution: From the Appendix, Table 3, column A,

®(1.96) =.975 and &(1) = .8413

EQUATION 5.3 Symmetry Properties of the Standard Normal Distribution
From the symmetry properties of the standard normal distribution,

O(-x)=Pr(X<-x)=Pr(Xz2x)=1-Pr(X<x)=1-D(x)
This symmetry property is depicted in Figure 5.12 for x = 1.

15



FIGURE 5.12 INustration of the symmetry properties of the normal distribution
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m Calculate Pr(X < ~1.96) assuming X ~ N(0,1).
Solution: Pr(X £-1.96) = Pr(X = 1.96) = .0250 from column B of Table 3.

Rule: For any numbers a, b we have:
Pla<X<b)=PX<b)— PX<a)
and thus, we can evaluate P(a < X < b) for any a, b from Table 3.

EXAMPLE 5.13 Compute Pr(-1 < X < 1.5) assuming X ~ N(0,1).

Solution: Pr(-1<X<1.5)=Pr(X<1.5)-Pr(X<-1)

=Pr(X<1.5)-Pr(X=1)=.9332 - 1587

=.7745

16



EXAMPLE 5.14

Pulmonary Disease Forced vital capacity (FVC), a standard measure of pulmonary
function, is the volume of air a person can expel in 6 seconds. Current research looks
at potential risk factors, such as cigarette smoking, air pollution, indoor allergens, or
the type of stove used in the home, that may affect FVC in grade-school children.
One problem is that age, gender, and height affect pulmonary function, and these
variables must be corrected for before considering other risk factors. One way to
make these adjustments for a particular child is to find the mean p and standard de-
viation ¢ for children of the same age (in 1-year age groups), gender, and height (in
2-in. height groups) from large national surveys and compute a standardized FVC,
which is defined as (X —p)/o, where X is the original FVC. The standardized FVC
then approximately follows an N(0,1) distribution, if the distribution of the original
FVC values was bell-shaped. Suppose a child is considered in poor pulmonary health
if his or her standardized FVC < -1.5. What percentage of children are in poor pul-
monary health?

Solution: Pr(X <-1.5)=Pr(X > 1.5)=.0668

Thus, about 7% of children are in poor pulmonary health.

The value of the quantity given by P(—x < X < x) for a standard normal
distribution is tabulated in column D of Table 3 given in the Appendix for various

values of x.

EXAMPLE 5.15

Pulmonary Disease Suppose a child is considered to have normal lung growth if
his or her standardized FVC is within 1.5 standard deviations of the mean. What

proportion of children are within the normal range?

Solution: Compute Pr(-1.5 £ X < 1.5). Under 1.50 in Table 3, column D gives this
quantity as .8664. Thus, about 87% of children have normal lung growth, according

to this definition.

17



Finally, column C of Table 3 given in the Appendix provides the area under the
standard normal density from 0 to x ,P(0 <X < x), because these areas
occasionally prove useful in work on statistical inference.

Find the area under the standard normal density from 0 to 1.45.

Solution: Refer to column C of Table 3 under 1.45. The appropriate area is given
by .4265.

Of course, the areas given in columns A, B, C, and D are redundant in that all
computations concerning the standard normal distribution can be performed using
any one of these columns. In particular, we have seen that:
B(x) =1 - A(x)

Also, from the symmetry of the normal distribution we can easily show that:

C(x) = A(x) — 05and D(x) = 2 X C(x) = 2 X A(x) — 1.0
However, this redundancy is deliberate because for some applications one of these
columns may be more convenient to use.

Using Electronic Tables for the Normal Distribution
It is possible to use “electronic tables” to compute areas under a standard normal
distribution. For example, Excel, Minitab, SPSS and other computer programs

provides the CDF for a standard normal distribution for any value of x.
18



Percentiles of a Standard Normal Distribution

The percentiles of a normal distribution are often
frequently used in statistical inference. For example, we
might be interested in the upper and lower fifth
percentiles of the distribution of Forced vital capacity
(FVC) (a standard measure of pulmonary function, is the &S
volume of air a person can expel in 6 seconds) in '3
children in order to define a normal range of values. For ” 7
this purpose, the definition of the percentiles of a / 1
standard normal distribution is introduced: N

DEFINITION 5.10  The (100 x u)th percentile of a standard normal distribution is denoted by z . It is
defined by the relationship

)

Pr(Z<z)=u, whereZ~N(0,1)

,\ FIGURE 5.13 Graphic display of the (100 = wu)th percentile of a standard

normal distribution (=)

0.4 —

Figure 5.13 displays Z;, sy = oz|
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Question: How to find the value of the percentiles z;,?
Answer
The function z,, is sometimes referred to as the inverse normal function, ®~1(x). In
previous uses of the normal table, we were given a value x and have used the
normal tables to evaluate the area to the left of x—that is, ®(x)=P(X < x)—for a
standard normal distribution.

To obtain z,,, we perform this operation in reverse. Thus, to evaluate z,, we
must do the following:
(1) Find the area u in column A of Appendix - Table 3.
(2) Find the value z,, that corresponds to this area.
(3) If u < 0.5, then we use the symmetry properties of the normal distribution to

obtain z, = — z;_,, , where — z;_,, can be also obtained from Table 3.

Compute the value of the following percentiles:

1) Z9750?

2) Zpos?
3) Zps?

4) Zpo257
Solution
From Table 3 in the Appendix we have:

20



1) To find the value of z; 9,57 We proceed as follows:
®d(z,)=P(Z<z,)=u
D(z0.9750) = P(Z < Z.9750) = 0.9750 i i\ 4
Zoo750 = D1(0.9750) ‘A)/‘ |
From the values under x we get:
= From Column Ain Table 3

87 AP P EMD I X Tables
TABLE 3 The mnormal distribution (comnéfimouea)

a A= =3 = o=
1. 82 R=Ts11=] O34a4a A5 6 K=TcE =1
1.83 K=Ts1sP-1 O336 S G o327
1.84 R=Tshrdh NetcTrl=] ST o342
1. 85 SLaTae s L b ST s 35S Y
1.8 RelstSis O3 1 MBS a8 3T 1
1.87 o693 O3ZIO7 AGO3 o3ass
1.88 O699 O30 SO0 o309
1.89 K=Ttrdel=] Nel-T=T-1 LATOS =T -
1.90 aT13 Nel-F=%rd AT13 0aADE
1.91 eT1o O2s1 AT K=T-KcT=]
1. 92 =gy o L L . R e B o OS5 1
1. 93 = s O as R B Rl = P NS
1. 949 Sev3s OG22 e Bres £ .5 AT S
1.95 LT OS5 6 = i . . oass

e =T= TS50 > 0250 AT SO 500
1.9 % R d=1=] O2a.4 ATES as12
1 .98 R=0rd s O30 AT EA aso3
1.99 K=1rd sy o233 ATEST o534

=200 I = O2De B A 545



2) To find the value of z; 95 we proceed as follows:
®d(z,)=P(Z<z,)=u

AT
D(z¢.95) = P(Z < zp.95) = 0.95 I ‘

Zoos = P71(0.95)

From the values under x in Table 3 we cannot find the value 0.95 exactly but it lies
between two values ZzZygsgs = 1.64 and Zzyg595 = 1.65 and therefore we

calculate the average for the two values as follows:

X A B cC D
1.64 9495 0505 4495 8990
1.65 9505 0495 4505 9011

Z +z 1.645+1.65
Z0_95 — 0.9495 . 0.9505 — - — 164‘5

3) To find the value of z; s we proceed as follows:
D(z,)=P(Z<zy,)=u

x y B o
D(zys)=P(Z<2zy5)=0.5

=1 ' 0.0 5000 — .5000 .0
Zys = ©7(0.5) 0.01 5040 4960 0040

From the valuesurder x we get:
From Column A in Table 3

.0080

22



4) To find the value of z; ¢,5 we proceed as follows:
d(z,)=P(Z<—2z,_,)=1—u
D(zg.025) =P(Z <—21_0025)=1—0.025
=P(Z <— z59759) = 0.9750
— Zy 975 = D71(0.9750)
Zo025 = — Zgo7s = 1.96 which implies that z; 5,5 = — 1.96

Note that: ®(-1.96) =1 - ®(1.96) = | - 0.975 = 0.0250

Thus, z, . =1.96

Z,. = 1.645
z.=0
Z,,.=—1.96

Finally, the percentile z, is used frequently in our work on estimation in Chapter 6

and hypothesis testing in Chapters 7-14.
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5.5 Conversion From N(p, ) to N(0, 1) Distributions

In this section, we will learn how to convert the probability statement under the
normal distribution N(p, 0?) to an equivalent probability statement under the
standard normal distribution N(0O, 1) as follows:

EQUATION 5.4 [f X ~ N(u,0% and Z = (X - p)/o, then Z ~ N(0,1).

Standardization of a Normal Variable
EQUATION 5.5 Evaluation of Probabilities for Any Normal Distribution via Standardization

If X ~ N(u,6%) and Z= (X - p)/o

then Pr(af;xf:b)=Pr[%d«:%}=cp[(b-m/g]-m[(a-u)/u]

Because the @ function, which is the cumulative distribution function for a
standard normal distribution, is given in column A of Table 3 of the Appendix,
probabilities for any normal distribution can now be evaluated using the tables
in this text. This procedure is shown in Figure 5.14 for p =80, 6 =12, a = 90,
b =100, where the areas in Figure 5.14a and 5.14b are the same.

24



FIGURE 5.14 Evaluation of probabilities for any normal distribution using standardization
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SRR Hypertension  Suppose a mild hypertensive is defined as a person whose DBP is
between 90 and 100 mm Hg inclusive, and the subjects are 335- to 44-year-old men

blood pressuresare normally distributed with mean 80 and variance 144.

whosé
What is the probability that a Tandom ed person from this population will
9 N(80,144),

be a mild hypertensive? This question can be stated more precisely: Ti
then what is Pr(90 < X < 100)?

Solution: The probability of being a mild hypertensive among the group of 35- to
44-year-old men can now be calculated.

i =80,0%=144 impliesthat o = Vo2 =+144 =12 “
\l i

&
6\ A
L]

ﬁignf:quﬂn}:pr[u,:g{ lﬂﬂ—ﬂﬂ]

12 12
= Pr(0.833 < Z < 1.667) = ®(1.667) — ©(0.833)

={(1.67)— ®(0.83) =0.9525-0.7967 = 0.1558

Conclusion: Thus, about 15.6% of this population will have mild hypertension.

SOV ERE AR Botany  Suppose tree diameters of a certain species of tree from some defined forest

area are assumed to be normally distributed with mean = 8 in. and standard devia-
tion = 2 in. Find the probability of a tree having an unusually large diameter, which
is defined as >12 in.

26



Solution: We have X ~ N(8,4) and require

H{X}12]=1—H{Xﬂ:12]=1—1:'1'(2.'::12_8]

2
=1-P(Z < 2.00)

=1-®(2.00)

=1- 0.9772

= 0.0228

il : iy, 4
| LR ‘ UMY 1L TR Y
-
oo, m "
v iy -&»’”“'F a
e ,rl_m\‘uv'«_ M)
4 o AR O St NN

Conclusion: Thus, 2.3% of trees from this area have an unusually large diameter.

Cerebrovascular Disease Diagnosing stroke strictly on the basis of clinical symptoms
is difficult. A standard diagnostic test used in clinical medicine to detect stroke in
patients is the angiogram. This test has some risks for the patient, and researchers
have developed several noninvasive techniques that they hope will be as effective as
the angiogram. One such method measures cerebral blood flow (CBF) in the brain
because stroke patients tend to have lower CBF levels than normal. Assume that in
the general population, CBF is normally distributed with mean = 75 mL/100 g brain
tissue and standard deviation = 17 mL/100 g brain tissue. A patient is classified as
being at risk for stroke if his or her CBF is lower than 40 mL/100 g brain tissue. What
proportion of normal patients will be mistakenly classified as being at risk for stroke?



Solution: Let X be the random variable representing
CBF. Then X~N(75,17%) = N(75, 289). We want to
find P(X < 40). We standardize the limit of 40 so as
to use the standard normal distribution. Thus, if Z
represents the standardized normal random
variable, that is Z = (X - n)/o, then the standardized
limit is:
Z=(40-75)/17 =-2.0588 =~ — 2.06

mm) Pr(X<40)=Pr(£<-2.06)
=®(-2.06)=1-®(2.06)=1-.9803 =.020

Conclusion: Thus, about 2.0% of normal patients will be incorrectly classified as
being at risk for stroke.

EQUATION 5.7 The pth percentile of a general normal distribution (x) can also be written in
terms of the percentiles of a standard normal distribution as follows:

X=i+20

28



Hypertension Suppose the distribution of DBP in 35- to 44-year-old men is normally
distributed with mean = 80 mm Hg and variance = 144 mm Hg. Find the upper and
lower fifth percentiles of this distribution.

Solution: We could do this either using Table 3 (Appendix). If we use Table 3 and we
denote the upper and lower 5th percentiles by x, o5 and xg 95, respectively, then
from Equation 5.7 we have:

X, =80+z,(12) HYPERTENSION
=80 - 1.645(12) = 60.3 mm Hg

X, =80+, (12) %f

=80+ 1.645(12) = 99.7 mm Hg

Problems: 5.1-5.9,5.14-5.16, 5.31 -5.33, 5.36 - 5.39.
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