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5.1 Introduction

Many random variables, such as distribution of birthweights or blood
pressures in the general population, tend to approximately follow a normal
distribution. In addition, many random variables that are not themselves normal are
closely approximated by a normal distribution when summed many times.

In such cases, using the normal distribution is desirable because it is easy to use and
tables for the normal distribution are more widely available than are tables for many
other distributions.

Infectious Disease The number of neutrophils in a
sample of 2 white blood cells is not normally
distributed, but the number of neutrophils in a random
sample of 100 white blood cells is very close to being
normally distributed.

This chapter discusses continuous probability distributions.
Specifically, the normal distribution—the most widely used
distribution in statistical work—is explored in depth. The normal,
or Gaussian or “bell-shaped”, distribution is the cornerstone of
most methods of estimation and hypothesis testing.
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Example (1)
Hypertension The distribution of diastolic blood-
pressure (DBP) measurements in 35 – to - 44 year
old men is a symmetric continuous random variable
whose pdf appears in Figure 5.1.

Example (2)
Cardiovascular Disease The distribution of
Serum triglyceride level is an asymmetric,
positively skewed, continuous random
variable whose pdf appears in Figure 5.2.
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5.3 The Normal Distribution
The normal distribution is the most widely used
continuous distribution. It is also frequently called
the Gaussian distribution, after the well-known
mathematician Karl Friedrich Gauss. For example,
body weights and DBPs for a group of 35-to-44
year old men approximately follow a normal
distribution.

Many other distributions that are not themselves normal can be made
approximately normal by transforming the data onto a different scale. For example,
the distribution of serum-triglyceride concentrations from this same group of 35-to-
44 year old men is likely to be positively skewed. However, the log transformation of
these measurements usually follows a normal distribution.

Generally speaking, any random variable that can be expressed as a sum of many
other random variables can be well approximated by a normal distribution. For
example, many physiologic measures are determined in part by a combination of
several genetic and environmental risk factors and can often be well approximated
by a normal distribution. Thus, the normal distribution is vital to statistical work, and
most estimation procedures and hypothesis tests that we will study assume the
random variable being considered has an underlying normal distribution.



Notation
An important area of application of the normal distribution is as an approximating
distribution to other distributions. The normal distribution is generally more
convenient to work with than any other distribution, particularly in hypothesis
testing. Thus, if an accurate normal approximation to some other distribution can be
found, we often will want to use it.
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9
 The mean, median, and mode for the normal distribution are equal.



10

5.4 The Standard Normal Distribution

To become familiar with the standard normal distribution, N(0, 1), we will discuss
some of its properties as follows:
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The tables of the area (probability) under the normal distribution curve, or so-called
normal tables, take advantage of the symmetry properties of the normal distribution
and generally are concerned with areas for positive values of x.

Note that there is no closed-form algebraic expression for areas (probabilities) under
the normal distribution. Hence, numerical methods must be used to calculate these
areas (probabilities), which are generally displayed in the “normal tables” usually
called the standard normal distribution table.



Using Normal Distribution Tables
The normal distribution table or the standard normal distribution table is given in
TABLE 3 of the Appendix (Pages 874 – 877) as shown below:
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Using Electronic Tables for the Normal Distribution
It is possible to use “electronic tables” to compute areas under a standard normal
distribution. For example, Excel, Minitab, SPSS and other computer programs
provides the CDF for a standard normal distribution for any value of x.
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Percentiles of a Standard Normal Distribution

The percentiles of a normal distribution are often
frequently used in statistical inference. For example, we
might be interested in the upper and lower fifth
percentiles of the distribution of Forced vital capacity
(FVC) (a standard measure of pulmonary function, is the
volume of air a person can expel in 6 seconds) in
children in order to define a normal range of values. For
this purpose, the definition of the percentiles of a
standard normal distribution is introduced:
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Solution
From Table 3 in the Appendix we have:
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1) To find the value of 𝑧0.9750 we proceed as follows:
Φ(𝑧𝑢) = P(Z < 𝑧𝑢) = 𝑢
Φ(𝑧0.9750) = P(Z < 𝑧0.9750) = 0.9750
𝑧0.9750 = Φ−1(0.9750) 

From the values under 𝑥 we get:
= 1.96 From Column A in Table 3
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2) To find the value of 𝑧0.95 we proceed as follows:
Φ(𝑧𝑢) = P(Z < 𝑧𝑢) = 𝑢
Φ(𝑧0.95) = P(Z < 𝑧0.95) = 0.95
𝑧0.95 = Φ−1(0.95) 

From the values under 𝑥 in Table 3 we cannot find the value 0.95 exactly but it lies
between two values 𝑧0.9495 = 1.64 and 𝑧0.9505 = 1.65 and therefore we
calculate the average for the two values as follows:

𝑧0.95 =
𝑧0.9495+ 𝑧0.9505

2
=

1.645+1.65

2
= 1.645

3) To find the value of 𝑧0.5 we proceed as follows:
Φ(𝑧𝑢) = P(Z < 𝑧𝑢) = 𝑢
Φ(𝑧0.5) = P(Z < 𝑧0.5) = 0.5
𝑧0.5 = Φ−1(0.5)
From the values under 𝑥 we get:

= 0 From Column A in Table 3
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4) To find the value of 𝑧0.025 we proceed as follows:
Φ(𝑧𝑢) = P(Z < − 𝑧1− 𝑢) = 1 − 𝑢
Φ(𝑧0.025) = P(Z < − 𝑧1− 0.025) = 1 − 0.025

= P(Z < − 𝑧0.9750) = 0.9750
− 𝑧0.975 = Φ−1(0.9750)

𝑧0.025 = − 𝑧0.975 = 1.96   which implies that 𝑧0.025 = − 1.96

Φ(−1.96) = l − Φ(l.96) = l − 0.975 = 0.0250Note that:

Finally, the percentile 𝑧𝑢 is used frequently in our work on estimation in Chapter 6
and hypothesis testing in Chapters 7−14.
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5.5 Conversion From N(μ, 𝝈𝟐) to N(0, 1) Distributions

In this section, we will learn how to convert the probability statement under the
normal distribution N(µ, σ2) to an equivalent probability statement under the
standard normal distribution N(0, 1) as follows:

Standardization of a Normal Variable





𝜇 = 80, 𝜎2 = 144    implies that   𝜎 = 𝜎2 = 144 = 12

= Φ(1.67) – Φ(0.83) = 0.9525 – 0.7967 = 0.1558

Conclusion: Thus, about 15.6% of this population will have mild hypertension.



= 1 - P(Z < 2.00) 
= 1 - Φ(2.00) 
= 1 - 0.9772 
= 0.0228 

Conclusion: Thus, 2.3% of trees from this area have an unusually large diameter.

Cerebrovascular Disease Diagnosing stroke strictly on the basis of clinical symptoms
is difficult. A standard diagnostic test used in clinical medicine to detect stroke in
patients is the angiogram. This test has some risks for the patient, and researchers
have developed several noninvasive techniques that they hope will be as effective as
the angiogram. One such method measures cerebral blood flow (CBF) in the brain
because stroke patients tend to have lower CBF levels than normal. Assume that in
the general population, CBF is normally distributed with mean = 75 mL/100 g brain
tissue and standard deviation = 17 mL/100 g brain tissue. A patient is classified as
being at risk for stroke if his or her CBF is lower than 40 mL/100 g brain tissue. What
proportion of normal patients will be mistakenly classified as being at risk for stroke?
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Solution: Let X be the random variable representing
CBF. Then 𝑋~𝑁(75, 172) = N(75, 289). We want to
find P(X < 40). We standardize the limit of 40 so as
to use the standard normal distribution. Thus, if Z
represents the standardized normal random
variable, that is Z = (X − µ)/σ, then the standardized
limit is:

Z = (40 − 75)/17 = − 2.0588 ≈ − 2.06

Conclusion: Thus, about 2.0% of normal patients will be incorrectly classified as
being at risk for stroke.
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Hypertension Suppose the distribution of DBP in 35- to 44-year-old men is normally
distributed with mean = 80 mm Hg and variance = 144 mm Hg. Find the upper and
lower fifth percentiles of this distribution.

Solution: We could do this either using Table 3 (Appendix). If we use Table 3 and we
denote the upper and lower 5th percentiles by 𝑥0.05 and 𝑥0.95, respectively, then
from Equation 5.7 we have:

Problems: 5.1 - 5.9, 5.14 - 5.16, 5.31 - 5.33, 5.36 - 5.39.


